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Abstract—A singular finite element method is formulated utilizing the asymptotic solutions for
displacements and stresses near the tip of the interface crack between dissimilar anisotropic materials
and the variational principle of a hybrid functional. The interfacial crack problem can be analyzed
by the singular hybrid element at the interfacial crack tip and the conventional displacement-based
elements surrounding the crack element.

Analyzing a small central interfacial crack between two large anisotropic composite layers with
different fiber orientations subjected to uniform tensile load, we demonstrate that the present
numerical solutions are in good agreement with the analytical ones for an interfacial crack between
two semi-infinite anisotropic solids. Then, we apply the present method for the analysis of
delamination originating from the transverse crack tip in laminates under plane strain extension,
antiplane shear and plane strain bending.

Keywords: Interface crack; delamination; stress singularity; hybrid singular element; energy rclease
rate.

1. INTRODUCTION

Delamination is the most commonly observed failure mode in composite laminates
under mechanical and hygrothermal loadings. Onset and growth of the delamina-
tion can be characterized by the fracture mechanics based on the singular stress
distribution near the crack tip. The stress and displacement fields at the vicinity of
interfacial crack can be analyzed by the conventional displacement finite element
method [1, 2] or the singular hybrid finite element method [3, 4]. Kim and Im [4]

*To whom correspondence should be addressed.
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formulated a hybrid singular element for the analysis of interfacial crack in cross-
ply laminates based on the asymptotic solution for the stress and displacement fields
utilizing the Stroh formalism extended by Ting [5].

In the present paper, we develop a singular hybrid element for studying the
interfacial crack between two composite layers with arbitrary fiber orientations. The
fundamental solutions for the displacements and stresses at the tip of interfacial
crack between dissimilar anisotropic materials representing unidirectional fiber-
reinforced composites with arbitrary fiber orientations are reviewed based on the
Stroh formalism [5]. Then, the singular crack element is formulated utilizing the
elasticity solutions and a hybrid variational principle. The delamination problem
can be analyzed by the singular element at the crack tip and the surrounding
displacement finite elements.

We apply the present method for the analysis of a small central crack between two
large unidirectional composite layers simulating a central crack between dissimilar
semi-infinite anisotropic materials under uniform tensile load, and demonstrate that
the present solutions are in good agreement with the analytical ones. Then, we
analyze delamination origination from the tip of transverse crack in laminate plates
under plane strain extension, antiplane shear and plane strain bending. Comparisons
of the present numerical solutions with the results by the displacement finite element
method show the accuracy and efficiency of the present hybrid finite element
method. As a fracture mechanic parameter, the potential energy release rate is
calculated as a function of delamination length directly from the singular hybrid
element calculation.

2. ASYMPTOTIC SOLUTIONS FOR DISPACEMENTS AND STRESSES NEAR
INTERFACIAL CRACK TIP

In the generalized plane strain state, displacements are given by
up = Ui(xo). (1)

We use the convention that all Latin indices take the values 1, 2, 3, and all Greek
indices the values 1, 2. The general solutions for stress and displacement fields
in unidirectional composite layers with arbitrary fiber orientations are presented.
The near-field conditions are imposed to get the eigenvalue equations, which
yield the asymptotic solutions for stresses and displacements, including the stress
singularities at the crack tip.

2.1. Two-dimensional anisotropic elasticity
If we assume that the general solution for displacements is expressed as

up = ai f(z2), =X+ pxa2, ()
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the six eigenvalues and the corresponding six eigenvectors are given by

Pas Pa+3 = 750(7 Ay, ad+3 = 50{# (Im[pu] > Ov o= 19 2v 3)7
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3)

where Im stands for the imaginary part and the overbar denotes the complex

conjugate. The displacements are expressed as

u= ) {ayfulza) +8afar3@)}. 2o = X1 + paxa,

3
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o

and the stresses take the form
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biw = (Cr1i2 + paCinr)ake = ——(Cirx1 + paCirr2)aix.

o

2.2. Displacements and stresses near interfacial crack tip

If we assume a power-type function for f{z) in equation (2) as

Fo = Relol > -1,
§+1
near the crack tip as shown in Fig. 1, we have
2,0t 7,5t
Ja(ze) = das 1 Jor3(Ze) = hum7 (@=1,23).

Material 1

Material 2

Figure 1. Semi-infinite crack between dissimilar anisotropic materials.
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From the stress conditions on the crack surface and the continuity conditions on the
interface, we get

1 1 ; <1 ! ; R 1
3, =—§+n+1y, 8”:—§+n—zy, J, :—E—i—n,

St=80 =80 =n(n=012..). c)

It follows from equations (4), (5), and (8) that the displacements and stresses are
given by
o0 -
A A T

n=(

3
+3 B R V]| k=12, (10)
=1

-

o -

o =3 |:ﬁ,{' Re[ X/ ]+ A7 m| X/ 0] + B2 Re[ X/ ]

n=0 -

3
+Y 8" Re[XiN"’(k)] ,
j=I

A (1)
o0
oy =3 [ﬂ,f‘ Re[ v, | + A tm| vi,] + B Re[ ]

n—=!

3
+Y B Refu ]| k=12
j=I

3. HYBRID FINITE ELEMENT FORMULATION

A modified hybrid Hellinger-Reissner variational functional is derived. Then, based
on the hybrid functional and the asymptotic solutions for the displacements and
stresses near the crack tip, the stiffness matrix for the crack element is formulated,
and the numerical procedure to obtain the potential energy release rate at the crack
tip is presented.

3.1. Modified hybrid Hellinger-Reissner principle
The functional of the hybrid Hellinger-Reissner principle is given by

1 .
gy = Z |:/»/Am {Edij(ui,j +uji)— U(.-(Uij)} dA — ‘/x‘m Ti(u; —u;)ds

—/ T,-(u[—ﬁi)ds—/ T;u; ds], (12)
(S1)m (So)m
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where A, is the area of element, s, is the interelement boundary, (s,), the
boundary where displacements are prescribed, (s, ), the boundary where tractions
are prescribed, and i; are displacements defined along the interelement boundary.
If we assume that there is not the boundary (s,),, and

Ti =0 on (Scr)nn (13)

and that the stresses satisty the equilibrium equations and the compatibility condi-
tions, the functional of the modified Hellinger-Reissner principle takes the form

]
I_ImRh = Z |:/ Tllzz ds — E/ T,'l/l,' dS]
Sm Sm

m

:ZU TTﬁds—%/ TTuds]. (14)

3.2. Stiffness matrix formulation for singular crack element

If we truncate the series expansions in equations (10) and (11) at n = N, we have
the displacements and tractions at the interelement boundary of s, as

u="U§g, T = R§, (15)
where

I I R N Na N:
ﬂ:[olvﬂojsﬂ()’ Ol’ﬂ07’ ()1,...

NN NN (16)

The interelement boundary displacements are expressed in terms of the nodal
displacements q as

i =Lq. (17)

Substituting equations (15) and (17) into equation (14), we get

oy = ﬂr[f R"‘Lds]q - 1ﬂT[l{ / (R"U + UTR) dsHﬂ
Sm 2 2 dAm

=B87G ! H 18
= q 2/3 B. (18)

Taking variation of I1\"%, . we obtain

s =587 (Gq — HB) =0, (19)
which gives

B =H"'Gq. (20)
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Substituting equation (20) into equation (18), the variational functional is expressed

as

m ] — ]
My, = 1’66l = La7ka,

where k; is the stiffness matrix for the hybrid singular crack element.

In the present finite approach, a 17-node, hybrid crack element shown in Fig. 2
with 51 degrees of freedom is constructed. The total number N of terms in
equation (15) is taken as 14. The standard quadratic interporation functions are
used for the L in equation (17) to ensure matching of the boundary displacements
of the singular hybrid element with those of the adjacent 8-node, 24 degrees of

freedom, isoparametric regular elements as shown in Fig. 3.

Xy  Nodal Displacements
(uq, Uy, uz)

11
Material 1
0

%o
Material 2
3 4 5 6 7
Figure 2. Hybrid singular crack element.
Regular Displacement Element

Figure 3. Discretization by hybrid crack element and regular displacement elements.

Hybrid Crack Element



Downloaded by [Siauliu University Library] at 07:20 17 February 2013

Delamination originating from transverse crack tips 159

3.3. Potential energy release rate

Potential energy release rate associated with the growth of delamination of length a
is given by
Aa

1
G = AlaiIEOE ; [ozl(r, ()){ul(Aa —r ) —u(Aa—r, —JT)}

+ onl(r, O){uz(Aa —r, ) —uy(Aa —r, —7[)}
+ 023(r, ) {us(Aa — r, 1) — uz(Aa — r, —m)}]dr, (22)

which is determined by the 8;', B;?, and B in equation (16) in the hybrid finite
element calculation.

4. NUMERICAL RESULTS

We consider graphite epoxy laminates which are composed of laminae with the
material properties:

Ey =137.90 GPa, E; = 14.48 GPa,
Glz = G22 = 5.86 GPa, Vs = 021,

where 1 and 2 correspond to the longitudinal and transverse directions, respectively.

As the basis of the elastic solutions for the displacement and stress fields, the stress
singularity at the crack tip is studied first. And, in order to confirm the accuracy
of the present finite element method, a small central crack between two large
unidirectional composite layers is analyzed. Then, laminates with delamination
originating from the transverse crack tip under plane strain extension, antiplane
shear, and plane strain bending are investigated.

4.1. Stress singularity

For an infinite graphite epoxy composite material with the orientation angle 8, the
eigenvalues p, in equation (3) are imaginary as expressed in the form

Po = IT,.
The imaginary parts of the eigenvalues r,, are shown in Fig. 4 as a function of the

orientation angle 6.
The order of stress singularity is given by

) li' I
= —= Iy, ——=,
A

as presented in equation (9). For the interface §/90 where the delamination from
transverse crack in 90° layer developes, §’s are shown in Fig. 5 as a function of 8.
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Figure 4. Eigenvalues p, for graphite epoxy composite with orientation angle 6.
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Figure 5. Imaginary parts y of order of stress singular at interface 6 /90° in laminates.

4.2. Small central crack between rwo large unidirectional composite layers under
tensile load

To evaluate the present singular hybrid finite element solutions, we analyze a large
graphite epoxy [0°/90°] laminate with a small central crack of length 2a subjected
to uniform far field stress as shown in Fig. 6. The singular stress distributions near
the crack tip are shown in Fig. 7 together with those obtained by the analytical
solutions for an infinite plate [6]. It is confirmed that the present numerical solutions
are in good agreement with the analytical ones.

4.3. Laminates under plane strain extention

We analyze graphite epoxy [0°/90°}; laminates under plane strain extension as
shown in Fig. 8 by discretizing a quarter of the laminate with the singular element
at the delamination tip and the surrounding displacement-based regular elements.
The stress distributions along the interface near the delamination tip are shown in
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Figure 6. Graphite epoxy [0°/90°] laminate with small central crack of length 2a under uniform far
stress a5y
22

10.0 T
—— Numerical Solution
----- Analytical Solution
B
~. 5.0 _
&
] O
0.0}
r- Oy
-5.0 L
0.0 0.5 1.0
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Figure 7. Singular stress distributions along interface near crack tip of graphite epoxy [0°/90°]
laminate under uniform far stress 02°2° (xo=0,r =x1 —a).

Delamination

Hybrid Crack Element o
v E €170
o i
- A o
- 02 Y f 0
- <
E 0.0 |- X —_—x
v <02
¥ ouk 90°
067 vor
-0.8 - \ Transverse Crack
a0l ] L ] 1 1 ) ] 1 ] L |
-0.5 0.0 0.5 1.0 1.8 2.0
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Figure 8. Graphite epoxy [0°/90°]s laminate with delamination originating from transverse crack tip
under plane strain extension.
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Figure 9. Stress distributions along interface of graphite epoxy [0°/90°] laminate with delamination
originating from transverse crack tip under plane strain extension.

X
Delamination

z

~
©
<

Transverse Crack
a

Figure 10. Discretization for displacement finite element analysis of graphite cpoxy [0°/90°]
laminate with delamination originating from transverse crack tip under plane strain extension.

Fig. 9 together with those obtained by the displacement finite element method with
fine descretization, as illustrated in Fig. 10. The potential energy release rates are
shown in Fig. 11 as a function of the delamination length for various aspect ratios of
the laminates. In Fig. 11 are also shown the asymptotic values of the energy release
rates obtained from the superposition method based on the classical lamination plate
theory [7].

4.4. Laminate under antiplane shear

We analyze graphite epoxy [0°/90°]; laminates under antiplane shear as shown in
Fig. 12. The stress distributions along the interface near the delamination tip are
shown in Fig. 13, together with those obtained by the displacement finite element
method.
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Figure 11. Potential energy release rate vs delamination length for graphite epoxy [0°/90°] laminate

under plane strain extension.

Delamination .
2
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Figure 12. Graphite cpoxy [0°/90°]s laminate with delamination originating from transverse crack

tip under antiplane shear.
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Figure 13. Stress distribution along interface of graphite epoxy [0°/90°]; laminate with delamination
originating from transverse crack tip under antiplane shear.
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Delamination Hybrid Crack Element
\ umax = emawa
T4
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Figure 14. Graphite epoxy [0°/90°] laminate with delamination originating from transverse crack
tip under planc strain bending.
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Figure 15. Potential energy release rate vs delamination length for graphite epoxy [0°/90°] laminate
under plane strain bending.

4.5. Laminates under plane strain bending

We analyze graphite epoxy [0°/90°]s laminate under plane strain bending by
discretizing a half of the laminate as shown in Fig. 14. The potential energy release
rates are shown in Fig. 15 together with the asymptotic value [7].

5. CONCLUSIONS

A hybrid crack element for analyzing an interfacial crack between unidirectional
composite layers with arbitrary fiber directions has been developed based on the
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asymptotic elastic solutions at the crack tip and the variational principle of a hybrid
functional. Graphite epoxy laminates with delamination originating from the tips of
transverse crack in cross-ply subjected to plane strain extension, antiplane shear, and
plane strain bending have been analyzed by the hybrid singular element at the crack
tip and the surrounding displacement-based regular elements. Numerical results for
the stress distributions near the delamination tip and the potential energy release
rates associated with the delamination growth have demonstrated the accuracy and
efficiency of the present hybrid singular finite element method.
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